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Abstract
The evaluation of three-loop contributions to the MSSM Higgs-boson
mass is considered at the orders enhanced by the strong gauge coupling and
top or bottom Yukawa couplings, i.e. at the orders O(αt,bα2s, α2t,bαs, α3t,b).
We prove that regularization by dimensional reduction preserves supersym-
metry at the required level. Thus generating counterterms by multiplica-
tive renormalization is correct. Technically, we extend a previous two-loop
analysis to the three-loop level. The extension covers not only the genuine
three-loop Higgs potential counterterms but also a large sector of two-loop
counterterms, required for subrenormalization.
1 Introduction
After the discovery of the Higgs boson at the LHC [1], the Higgs boson mass
Mh has become a precision observable. Supersymmetric (SUSY) extensions of
the Standard Model are special because they allow to predict the Higgs boson
mass thanks to SUSY relations between the Higgs potential and known gauge
couplings. Specifically in the MSSM, Mh is smaller than the Z boson mass at
tree level, and calculable higher-order corrections can push it up to the measured
value, resulting in important constraints on SUSY parameters.
Precision evaluations of these MSSM higher-order corrections have a long his-
tory. One-loop and leading 2-loop corrections have been evaluated long ago; we
refer to the recent review [2] for details and references. The leading corrections
are governed by Yukawa couplings αt,b and the strong gauge coupling αs. They
can be evaluated in the so-called gaugeless limit, where the electroweak gauge
couplings and MW,Z go to zero with fixed ratio MW/MZ and fixed Higgs vacuum
expectation values. At the 3-loop level, the full corrections of order O(αtα2s)
have been evaluated in the gaugeless limit in Refs. [3] and further developed in
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Refs. [4,5]. Leading and subleading 3-loop large logarithms have been evaluated
in Ref. [6]. Further recent progress includes 2-loop computations beyond the
gaugeless limit and the resulting zero-momentum approximation [7–9], resumma-
tion of large logarithms using EFT and renormalization group methods [10, 11]
and the development of hybrid approaches [12, 13]. The remaining theory un-
certainties of these current calculations depends on the details of the spectrum
and on the calculational scheme, see e.g. the recent discussions in Refs. [11, 13].
However, the theoretical uncertainty is significantly larger than the experimen-
tal one — hence it is motivated to further improve the accuracy of theoretical
calculations.
Here we consider the technically necessary step of regularization of higher-
order loop contributions. The commonly used scheme is regularization by dimen-
sional reduction (DRED) [14,15] (see also the recent review [16] of regularization
schemes). This scheme is consistent with SUSY for the 2-loop calculations in the
gaugeless limit [17]. We ask whether the same is true at the 3-loop level. If this
turned out not to be the case, additional SUSY-restoring counterterms would be
required, which would affect the finite, non-logarithmic parts of a 3-loop calcula-
tion, i.e. the parts which cannot be obtained by renormalization-group methods.
In the remainder of this Introduction, we provide more details on potential
non-symmetric counterterms and DRED.
In a 3-loop calculation of the Higgs boson masses in the gaugeless limit of the
MSSM several types of counterterms are required:
• genuine 3-loop counterterms in the Higgs sector;
• 1-loop and 2-loop counterterms in the Higgs, Yukawa, and SUSY-QCD
sectors.
Usually, the structure of the counterterm Lagrangian and Feynman rules is gener-
ated by a renormalization transformation respecting the symmetries of the theory.
In this way the generated counterterms respect in particular SUSY. The present
paper investigates whether this is correct and sufficient for calculations of MSSM
Higgs boson masses at the 3-loop level in the gaugeless limit.
Cases in which a renormalization transformation respecting SUSY is not
enough and additional, non-SUSY counterterms are needed are familiar in di-
mensional regularization (DREG). DREG breaks SUSY already at the 1-loop
level, and non-SUSY counterterms have to be added e.g. to the gluino–squark–
quark interaction. Such non-SUSY counterterms required in DREG have been
evaluated and documented in Refs. [18–20].
For DRED, on the other hand, many studies have confirmed the compatibility
with SUSY and the absence of non-SUSY counterterms, for overviews of earlier
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results see [17, 21, 22]. In particular, several 2-loop cases of relevance for us have
been studied: self energies and SUSY transformations of chiral multiplets [22]
in general SUSY gauge theories, quartic Higgs coupling in the gaugeless limit of
the MSSM [17], three-point interactions in the gauge/gaugino sector of SUSY
Yang-Mills theories [23] and in the gauge/gaugino/quark/squark sector of SUSY
QCD [24]. The existing studies do not cover the case of potential, finite non-SUSY
counterterms to Higgs masses at the 3-loop level.
Also beyond the question of SUSY preservation, the status of DRED is sim-
ilarly mature as the one of dimensional regularization: Both schemes can be
formulated in a mathematically consistent way and the quantum action princi-
ple holds [22, 25], and the two schemes are equivalent [26], i.e. one can always
find local transition counterterms which translate between the two schemes. The
infrared divergence structure of DRED regularized QCD amplitudes has been
understood [27]. All these statements require to distinguish the formally D-
dimensional parts of vector fields and the remaining (4 − D)-dimensional parts
(the so-called ǫ-scalars), and in particular to treat the renormalization and factor-
ization of ǫ-scalars as independent. The need for the independent renormalization
has also been stressed in concrete multi-loop calculations [28].
The recent progress in understanding regularizations and the need for more
precise Higgs boson mass computations motivates our study. The outline of
the remainder of the paper is as follows. In section 2 we describe the setup
and notation, and we discuss the different structure of SUSY and non-SUSY
counterterms. We also explain the methods used to determine potential non-
SUSY counterterms. Section 3 is devoted to the analysis of 2-loop counterterms,
which are required for subrenormalization and shows that DRED is consistent
with SUSY on this level. Section 4 finally discusses the proof that no SUSY-
restoring counterterm is required for the MSSM Higgs boson mass calculations
at the 3-loop level in the gaugeless limit.
2 Setup and SUSY versus non-SUSY counter-
terms
2.1 Setup
In this subsection we describe our setup, provide relevant notation and discuss
the structure of the usual symmetric counterterms. We work in the MSSM with
neglected electroweak gauge couplings, g1,2 → 0, the so-called gaugeless limit.
The relevant fundamental fields are the Higgs and Higgsino doublets H ik, H˜
i
k
(where k = 1, 2 and i is the SU(2) index and where the vacuum expectation
values have already been split off), the left-handed quark and squark doublets qiL
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and q˜iL, and the right-handed quark and squark singlets uR, dR, u˜R, d˜R, as well as
the gluon and gluino fields Aµ, g˜. All spinors are taken as 4-spinors; for the quarks
we abbreviate qL = PLq, uR = PRu etc; the gluino spinor is a Majorana spinor;
the Higgsino spinors are taken as purely left-handed, H˜ ik ≡ H˜ ikL = PLH˜ ik. Gluon
and gluino fields without SU(3) index are taken as contracted with Gell-Mann
matrices, g˜ = g˜a λ
a
2
, etc, and (s)quark colour indices are always suppressed.
The Lagrangian containing the dimension-4-terms relevant for our analysis
can be decomposed as
L = Lkin + Lyu + Lgluino − Vquartic . (1)
Here Lkin contains the usual kinetic terms for all fields with the SU(3) gauge
covariant derivative,
Lkin =
∑
q=u,d
q¯i /Dq +
∑
k=1,2
|∂µHk|2 + kinetic terms for q˜, H˜, Aµ, g˜, (2)
Dµ = ∂µ + igsA
µ. (3)
The remaining terms are the up-type Yukawa interactions, gluino interactions
and the quartic Higgs potential:
Lyu = yuǫij
(
H i2u¯q
j
L + u˜
†
RH˜
C
2
i
qjL + u¯H˜
i
2Lq˜
j
L
)
+ h.c., (4)
Lgluino = −
√
2gs
∑
q=u,d
(
q˜†Lg˜qL + q¯g˜Rq˜L − q˜†Rg˜qR − q¯g˜Lq˜R
)
, (5)
Vquartic =
g21 + g
2
2
8
(|H1|2 − |H2|2)2 + g22
2
∣∣∣H†1H2
∣∣∣2 . (6)
In the last term the electroweak gauge couplings g1, g2 have been retained for ref-
erence. We have only considered up-type Yukawa couplings in Lyu and suppressed
corresponding down-type Yukawa coupling terms because they can be treated in
the same way. We have also suppressed quartic terms involving squarks and La-
grangian terms of dimension ≤ 3 and soft SUSY breaking terms since they are
irrelevant for our goal of determining potential SUSY breaking in the dimension-4
sector of the Higgs potential.
The basic symmetries of the MSSM are Lorentz and gauge invariance and
(softly broken) SUSY. The MSSM further respects a softly broken Peccei-Quinn
symmetry, which forbids a dimension-4 mixing between the two Higgs doublets.
The symmetries can be encoded in Slavnov-Taylor and Ward identities, allowing
a full study of the renormalization of the MSSM [29] and providing the most
general form of symmetric counterterms, i.e. the correct counterterm structure
for the desirable case where the regularization preserves the symmetries of the
theory. Specializing the results of Ref. [29] for the full MSSM to the case at
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hand we obtain the following multiplicative renormalization transformation of
the parameters and fields:
gs → Zgsgs, (7a)
yu → Zyuyu, (7b)
ϕ→√Zϕϕ for all fields ϕ = uL,R, dL,R, u˜L,R, d˜L,R, Hk, H˜k, Aµ, g˜, (7c)
Yϕ →
√
Zϕ
−1
Yϕ . (7d)
In the last of these equations we have also specified the renormalization trans-
formation for sources of BRS transformations, which will appear later in the
Slavnov-Taylor identity.
Applying this symmetric renormalization transformation to the classical ac-
tion Γcl generates a bare action (i.e. the sum of classical and counterterm action)
Γcl
(7)−→ Γcl+ct-sym , (8)
which contains the usual symmetric counterterms.
For our purposes, the decisive features of the symmetry-preserving nature of
the resulting counterterms Γct-sym are that the renormalization of all three terms
in Lyu and the interaction terms involving gluons or gluinos are correlated, i.e.
that the SUSY-relations between interactions of particles and superpartners are
respected. Furthermore, the resulting counterterm for Vquartic vanishes in the
gaugeless limit. Later we will compare this form of the counterterms to a more
general one, which does not respect SUSY.
2.2 Method to determine potential non-SUSY counter-
terms
The basic idea to compute or check the absence of non-SUSY counterterms is
common to all mentioned studies in the literature. One needs to evaluate quan-
tities which depend on the potential non-SUSY counterterms and which satisfy
known relations. Relations employed in the literature include
• equality of on-shell amplitudes in the exact SUSY limit;
• equality of β functions at higher orders;
• validity of SUSY Slavnov-Taylor identities.
In particular Refs. [23, 24] used the second approach and computed 3-loop β
functions for various gluon, gluino, and ǫ-scalar couplings. These computations
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depend on finite 2-loop counterterms, and it was shown that the SUSY relations
between the β functions are satisfied if finite, non-SUSY counterterms are absent
at the 2-loop level.
Now we give a brief overview of our approach, which is the one of Refs.
[17, 30, 31] and based on Slavnov-Taylor identities. The first ingredient is the
Slavnov-Taylor identity (STI) expressing SUSY and gauge invariance and the
respective (anti-)commutation relations on the level of Green functions. It can
be written as
S(Γ) = 0, (9)
where Γ is the generating functional of one-particle irreducible (1PI) Green func-
tions, and where
S(Γ) =
∫
d4x
(
δΓ
δYϕi(x)
δΓ
δϕi(x)
+ sϕ′i(x)
δΓ
δϕ′i(x)
)
. (10)
Here ϕi runs over the MSSM quantum fields with nonlinear BRS transformations
sϕi, and ϕ
′
i runs over the MSSM quantum fields with linear BRS transformations
sϕ′i. The BRS transformations contain in particular the SUSY transformations,
where the SUSY ghost ǫ acts as the transformation parameter. The Yϕi are
sources of the nonlinear BRS transformations, i.e. the classical Lagrangian con-
tains a part Lext = Yϕisϕi. The explicit form of the MSSM STI identity can be
found in Ref. [29], and adaptations to 4-spinor notation are given in Refs. [30,31].
The STI has to hold after renormalization, i.e. after taking into account coun-
terterms of all orders. Evaluating the STI at the n-loop level thus constrains
the genuine n-loop counterterms in terms of regularized (and subrenormalized)
≤ n-loop diagrams. In the case that the STI is already valid on the regular-
ized/subrenormalized level, the non-SUSY counterterms are zero and the usual
renormalization transformation Eq. (7) (the full form of which has been given in
Ref. [29]) is sufficient.
Specific STIs for concrete sets of Green functions can be obtained by taking
functional derivatives of the equation S(Γ) = 0 with respect to sets of fields. Such
specific STIs can then be used to determine potential non-SUSY counterterms in
specific sectors of the MSSM.
The other ingredient of our approach is the regularized quantum action prin-
ciple in DRED [22]. It provides a direct way to check the validity of STIs on
the regularized level and thus to check the absence of non-SUSY counterterms.
Applied to the STI it can be written as
S(ΓDRED) = i[∆] · ΓDRED, ∆ ≡ S(Γcl+ct) (11)
where all quantities are regularized in DRED and taken in D dimensions. The
notation for such regularized quantities is as follows. Γcl+ct is the bare action
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which is used to define the Feynman rules of the regularized (and partially or
fully renormalized) theory. ΓDRED is the resulting generating functional for 1PI
Green functions. [∆] · ΓDRED denotes the insertion of the operator ∆ into the
1PI Green functions; the operator is defined via the STI applied to the bare
action (the sum of classical and counterterm action). The general result for the
lowest-order term ∆cl ≡ S(Γcl) has been given in Ref. [22]. This operator is
non-vanishing, corresponding to the fact that in D dimensions even in DRED,
Fierz identities are invalid and therefore the classical action cannot be shown to
be supersymmetric.
In the following two sections we will use the STI and the quantum action
principle to determine first the structure of 2-loop counterterms in all sectors and
then the 3-loop counterterms for the Higgs mass calculation.
3 Lower-order results
In this section we determine the potential non-SUSY counterterms at 2-loop order
in all relevant sectors of the MSSM in the gaugeless limit. These counterterms
are important for two reasons. On the one hand they would appear in explicit
computations of Mh at the 3-loop level such as Refs. [3] or future extensions
thereof; on the other hand they would appear in the computation of ∆ in the
quantum action principle Eq. (11) needed to evaluate the 3-loop STI below in
section 4.
The required structure of 2-loop counterterms is already essentially known.
Ref. [22] has considered self energies and SUSY transformations of chiral multi-
plets; Refs. [23, 24] have considered 3-point interactions between (s)quarks and
gluons, gluinos and ǫ-scalars using the method of higher-order β functions. The
result of all these references is that non-SUSY counterterms are not needed and
the renormalization transformation respecting SUSY gives the correct counter-
term structure.
Here we slightly extend these results, in order to illustrate and confirm the
method of the STI and quantum action principle. We focus on counterterms
involving interactions between Higgs/Higgsino and (s)quarks, and terms involving
the BRS sources Yϕi and SUSY ghosts ǫ. We remark that 2-loop counterterms to
4-point self interactions of squarks or ǫ-scalars are not important for our purposes
and not covered by either the analysis of Ref. [23, 24] or the following analysis.
We begin in subsection 3.1 with a detailed discussion of an exemplary STI;
later in subsection 3.2 we will be briefer.
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3.1 Exemplary case
Here we explain in detail the derivation of the 2-loop counterterm structure in
the sector of the Yukawa interactions between Higgs/Higgsino and up-(s)quarks.
We will show that the symmetric counterterms generated by Eq. (7) are correct
in the context of DRED. To set the stage we first provide the form of the most
general bare Lagrangian of this sector, which is not restricted by SUSY, only by
manifest symmetries of DRED (such as Lorentz and gauge invariance and (softly
broken) Peccei-Quinn symmetry). It reads
Lcl+ct, generalyu = yuǫij
(
ZH2quH
i
2u¯q
j
L + ZH˜2qu˜u˜
†
RH˜
C
2
i
qjL + ZH˜2q˜uu¯H˜
i
2Lq˜
j
L
)
+ h.c. .
(12)
It contains the same terms as the tree-level Lagrangian Lyu , but each term appears
multiplied with an independent coefficient Zi.
Our claim is that symmetric counterterms are correct in this sector. Equiva-
lently we need to show that the following special choice for the Zi, corresponding
to the symmetric renormalization transformation (7), is correct:
ZH2qu = Zyu
√
ZH2ZqLZuR, (13a)
ZH˜2qu˜ = Zyu
√
ZH˜2ZqLZu˜R, (13b)
ZH˜2q˜u = Zyu
√
ZH˜2Zq˜LZuR. (13c)
The first of these three equations can be assumed to hold by definition — it
defines the quantity Zyu ; the other two equations are then nontrivial. The physical
meaning is that there is only one fundamental Yukawa coupling parameter, which
governs all three interactions.
In order to prove the second equation of (13), we consider the functional
derivative of the STI
0 =
δ4S(Γ)
δqiLδu˜
†
RδH
j
2δǫ¯
. (14)
Here ǫ, the SUSY ghost, is a bosonic Majorana spinor. The equation thus cor-
responds to a SUSY relation connecting qL, H2, u˜R. More details to the use,
derivation and evaluation of such identities can be found in Refs. [30,31]. Like in
Ref. [30] we will use the identity only at leading order in the external momenta, so
that contributions from soft supersymmetry breaking or electroweak symmetry
breaking can be neglected. Evaluating Eq. (14) yields the following STI between
1PI Green functions,
0 =− Γ
u˜
†
R
ǫ¯ yuR
Γ
qi
L
H
j
2
u¯R
− Γ
H
j
2
ǫ¯ y
H˜m
l
CΓ
qi
L
u˜
†
R
H˜m
l
C − Γ
H
j
2
u˜
†
R
ǫ¯ y
ql
L
Γqi
L
q¯l
L
+ Γqi
L
ǫ¯ Y
q˜l
L
Γ
u˜
†
R
H
j
2
q˜l
L
+ Γ
qi
L
u˜
†
R
ǫ¯ Yφl
Γ
H
j
2
φl
+ Γ
qi
L
H
j
2
ǫ¯ Yu˜R
Γ
u˜
†
R
u˜R
. (15)
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(a)
ǫ¯ qL
q H˜, g˜
qH˜ q
q˜
u˜R H (b)
ǫ¯ qL
H˜ q
q
q
g
u˜R H (c)
ǫ¯ qL
H˜ g
q
q
u˜R H (d)
ǫ¯ qL
g˜, q q˜g˜, q
g˜
H, u˜Ru˜R, H
q
Figure 1: Diagrams contributing to (17) at the two-loop level in the gauge-less
limit. The insertion of the operator ∆≤1L ≡ S(Γ≤1Lcl+ct) is marked by a cross.
Quarks, gluons and Higgs bosons are denoted by q, g, H ; squarks and Higgsinos
are denoted by q˜ and H˜ .
Generically, the symbols Yϕi denote the sources of the BRS variations of the
respective fields ϕi, where lower-case notation yϕi is used for 4-spinor fields; φl
runs over all Higgs field components.
Each of the six terms is a product of one elementary 1PI Green function and
one 1PI Green function with an insertion of a BRS transformation. The three
terms in the second line can be ignored in the following: the last two terms in the
second line involve Green functions which do not receive tree-level or counterterm
contributions. The first term in the second line is subleading in the external
momenta due to its Lorentz structure. Furthermore, we will now specialize to
the case in which the quark field qiL carries no momentum, pqL = 0. Then also
the last term in the first line can be neglected, and the identity simplifies to
0 = −Γ
u˜
†
R
ǫ¯ yuR
Γ
qi
L
H
j
2
u¯R
− Γ
H
j
2
ǫ¯ y
H˜m
l
CΓ
qi
L
u˜
†
R
H˜m
l
C + . . . (16)
where the dots denote the neglected terms.
This is an identity between the first and second kind of the Yukawa interac-
tions in Lyu. The Green functions appearing as prefactors correspond to loop-
corrected SUSY transformations of uR into u˜R and of H˜2 into Hl, respectively.
As a first step we have to check whether the STI (14) is valid on the regularized
2-loop level with 1-loop subrenormalization. According to the quantum action
principle the potential violation is given by
δ4S(ΓDRED)
δqiLδu˜
†
RδH
j
2δǫ¯
=
([
∆≤1L
] · ΓDRED)
qi
L
u˜
†
R
H
j
2
ǫ¯
(17)
i.e. by 1PI diagrams with external fields qiL u˜
†
RH
j
2 ǫ¯ and one insertion of the op-
erator ∆≤1L ≡ S(Γ≤1Lcl+ct). Here Γ≤1Lcl+ct is the 1-loop bare action. At this level
DRED is clearly SUSY-preserving, and Γ≤1Lcl+ct is obtained from the classical ac-
tion by the usual renormalization transformation. Hence also ∆≤1L at this order
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Topology Fermions at A/B/B # allowed γ-matrices
Topology (a) g˜/g˜/g˜ ≤ 4
Topology (b) g˜/ψ/ψ ≤ 2
Topology (c) ψ/ψ/ψ or ψ/ψ/g˜ ≤ 3
Table 1: Properties of the three topologies defined in Ref. [22] for the diagrams
involving an insertion of the operator∆ ≡ S(Γcl) attached to an open fermion line
(A) and one fermion loop (B). The second column specifies whether the fermions
in line A or B coupling to the insertion are gauginos (denoted by g˜) or fermions
of a chiral SUSY multiplet (ψ). The last column specifies the maximum number
of “allowed” γ-matrices in the γ-string B. If the respective bound is satisfied, the
diagram vanishes [22].
is obtained from ∆cl ≡ S(Γcl) given in Ref. [22] simply by the renormalization
transformation, and the structure of ∆≤1L and its Feynman rules are the ones of
Ref. [22].
Fig. 1 shows representative Feynman diagrams contributing to Eq. (17). All
diagrams have a common structure with one open fermion line and one closed
fermion loop. As in Refs. [17,22] we denote the chain of γ-matrices corresponding
to the open fermion line as A, and the γ-chain corresponding to the closed fermion
loop as B. In the terminology of those references the first three diagrams of
Fig. 1 are of topology (c), and the last diagram is of topology (a) or (b), in
case of gluinos/quarks in the fermion loop. According to the rules given in that
reference, the diagrams vanish if the γ chain B can be expressed as a product
of up to 4, 2, 3 γ-matrices (for topology (a), (b), (c), respectively). These three
topologies and their properties are summarized in Tab. 1.
After integrating over the fermion-loop momentum, the fermion loop can de-
pend on up to two momenta (the second loop momentum and the single non-
vanishing external momentum). Hence the fermion loop can be expressed as
a product of up to two (three) gamma matrices in diagrams of Fig. 1 (a,b,d)
(Fig. 1 (c)). According to the rule mentioned above, this is sufficient to know
that all diagrams of Fig. 1 vanish. It is easy to see that the same is true for all
other diagrams which could contribute to the breaking Eq. (17). Hence Eq. (17)
vanishes, and the STI (16) is valid at the regularized 2-loop order with 1-loop
subrenormalization.
The important consequence of this is that the genuine 2-loop counterterm
contributions have to fulfill the STI (16) by themselves. This implies the following
identities of renormalization constants (at the 2-loop level in the gaugeless limit):
Zu˜ǫ¯yuRZH2qu = ZH2 ǫ¯y2ZH˜2qu˜ , (18)
where we have used the notation of the bare Lagrangian (12) and self-explanatory
notation for the renormalization constants of the Green functions with BRS
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sources. The latter Green functions are themselves constrained by Slavnov-Taylor
identities relating the self energies of the scalar and fermionic components of chi-
ral SUSY multiplets. The respective STIs have been shown to be valid on the
regularized 2-loop level in Ref. [22], and as a result we know that the respective
renormalization constants can be expressed in terms of elementary field renor-
malization constants as
Zu˜ǫ¯yuR =
√
Zu˜R/
√
ZuR, (19a)
ZH2ǫ¯y2 =
√
ZH2/
√
ZH˜2 . (19b)
Combining the previous two equations (19) with the result of the STI (18) and
assuming Eq. (13a) to hold by definition then yields the desired result
ZH˜2qu˜ = Zyu
√
ZH˜2ZqLZu˜R. (20)
To summarize: evaluating the functional derivative of the STI (14) leads to the
specific STI (16), which is valid on the regularized 2-loop level in the gaugeless
limit. As a result we can prove the second identity of our claim Eq. (13) in the
desired order. All these steps can be repeated for the case in which the role of
qL and uR are exchanged, i.e. for the functional derivative w.r.t. the set of fields
q˜iLu¯RH
j
2ǫ. Without going through the details it is clear that the result is then
given by
ZH˜2q˜u = Zyu
√
ZH˜2Zq˜LZuR , (21)
the third and final identity of Eq. (13).
3.2 Other lower-order cases
We will now present a list of further STIs, which can be treated in an analogous
way. In all cases we have verified that the identities are satisfied in the gaugeless
limit at the 2-loop level with 1-loop subrenormalization, and we have derived the
resulting identities between renormalization constants. The list is as follows:
• Starting from the same identity as (14),
0 =
δ4S(Γ)
δqiLδu˜
†
RδH
j
2δǫ¯
, (22)
but evaluating it for the case in which the Higgs field carries no momentum,
pH = 0 but pqL 6= 0, leads to
0 =− Γ
u˜
†
R
ǫ¯ yuR
Γ
qi
L
H
j
2
u¯R
− Γ
H
j
2
u˜
†
R
ǫ¯ y
ql
L
Γqi
L
q¯l
L
+ . . . . (23)
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Here and in the subsequent equations the dots have the analogous meaning
to Eq. (16). Using self-explanatory notation, this leads to the following
identity between renormalization constants:
Zu˜ǫ¯yuRZH2qu = ZH2u˜ǫyqLZqL . (24)
This determines the renormalization of the BRS transformation of the quark
field qL into an F-term given by the product H2u˜
†
R:
ZH2u˜ǫyqL = Zyu
√
ZH2Zu˜R/ZqL , (25)
in agreement with the symmetric renormalization transformation (7).
• An analogous identity with qL and uR exchanged yields
Zq˜ǫyqLZH2qu = ZH2q˜ǫyuRZuR (26)
and determines the renormalization of the BRS transformation of the quark
field uR into the appropriate F-term:
ZH2q˜ǫyuR = Zyu
√
ZH2Zq˜L/ZuR . (27)
• Taking the functional derivative w.r.t. the set of fields q˜iLu˜†RH˜j2 ǫ¯ and evalu-
ating it for the case with pq˜L = 0 but pH˜2 6= 0 leads to
0 = −Γ
u˜
†
R
ǫ¯ yuR
Γ
q˜i
L
H˜
j
2
u¯R
− Γ
q˜
j
L
u˜
†
R
ǫ¯ y
H˜m
l
Γ
H˜i
2
H˜m
l
+ . . . . (28)
The resulting identity between renormalization constants reads
Zu˜ǫyuRZH˜2q˜u = Zq˜u˜ǫyH˜ZH˜2 (29)
and determines the renormalization of the BRS transformation of the Hig-
gsino field H˜2 into the appropriate F-term:
Zq˜u˜ǫy
H˜2
= Zyu
√
Zq˜LZu˜R/ZH˜2 . (30)
• Taking the functional derivative w.r.t. the set of fields u˜Ru˜†RHj2H˜ i2C ǫ¯ and
evaluating it leads to
0 = −Γ
H
j
2
u˜
†
R
ǫ¯ y
ql
L
Γu˜R H˜i2C q¯lL
+ ΓH˜i
2
C ǫ¯ Y
Hl
2
†
Γ
u˜R u˜
†
R
H
j
2
Hl
2
† + . . . . (31)
The resulting identity between renormalization constants reads
ZH2u˜ǫyqLZH˜2qu˜ = ZH˜2ǫYH2
Zu˜u˜H2H2 . (32)
This identity determines the quartic interaction between two right-handed
squarks u˜R and two Higgs bosons H2 in terms of previously determined
renormalization constants:
Zu˜u˜H2H2 = Z
2
yu
ZH2Zu˜R . (33)
12
• A similar identity which contains q˜L instead of u˜R determines the renor-
malization constant Zq˜q˜H2H2 between two left-handed squarks q˜L and two
Higgs bosons H2:
Zq˜q˜H2H2 = Z
2
yu
ZH2Zq˜L . (34)
• Taking the functional derivative w.r.t. the set of fields AµaAνbH i2H˜j2 ǫ¯ leads to
the identity
0 = Γ
H˜
j
2
ǫ¯Y
Hl
2
†
ΓAµa Aνb Hi2Hl2† + . . . . (35)
This identity determines the interaction of two gluons and two Higgs bosons.
Again, the identity is valid in DRED on the regularized 2-loop level. This
is true in particular for the D-dimensional gauge fields but also for the so-
called ǫ-scalar part of the gluons, i.e. the (4 −D) extra gluon components
which appear on the regularized level and which behave like adjoint scalar
fields and not like gauge fields. Following e.g. Ref. [22] we denote the D-
dimensional gauge field gluons as Aˆµa and the ǫ-scalars as A˜
µ
a . As a result
of the identity, the renormalization constants for both the quartic AˆAˆH2H2
and the quartic A˜A˜H2H2 interactions are determined to vanish,
ZAˆAˆH2H2 = 0 ZA˜A˜H2H2 = 0 . (36)
The first of these equations would also follow from gauge invariance, but
the second would not. If the renormalization constant ZA˜A˜H2H2 would not
vanish at the 2-loop level, it could contribute to Higgs boson self energies
at the 3-loop level.
• All previous identities involve the Higgs doublet H2 and/or right-handed
up-(s)quarks. Identities involving H1 and/or right-handed down-(s)quarks
can be derived in the same way, with analogous results.
The previous identities are summarized in Tab. 2. They lead to Eqs.
(20,21,25,27,30,33,34,36) and thus determine a variety of renormalization con-
stants. In all cases, the results agree with the symmetric counterterms generated
by the renormalization transformation (7). The considered cases cover all Green
functions with up to two Higgs/Higgsino fields and up to two coloured fields, up
to the 2-loop level in the gaugeless limit. They include not only physical fields
but also ǫ-scalars, sources for BRS transformations and SUSY ghosts. In other
words, the previous identities establish that SUSY-restoring counterterms are not
required in this considered sector.
In addition, Refs. [23, 24] have shown the absence of SUSY-restoring coun-
terterms in the pure-SUSY-QCD sector of triple interactions between quarks,
squarks, gluons, gluinos and ǫ-scalars. Quartic interactions involving four
coloured fields are not covered by any of these analyses.
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STI Relevant part Expressed symmetry properties
ǫq˜†LqL ∝ p2q
Connects the SUSY transformations of
squark into quark and vice versa to
ǫǫ¯q˜†LYq˜L ∝ /p
field renormalizations (from Ref. [22];
similar for uR and for Higgs/Higgsino)
qLu˜
†
RH2ǫ¯ pqL = 0
Connects the Yukawa coupling of
the Higgs boson with quarks to the
Yukawa coupling of quark/squark
and Higgsino (similar for q˜Lu¯R)
same pH = 0
Determines SUSY transformation
of quark into an F-term
involving Higgs and squark field
q˜Lu˜
†
RH˜2ǫ¯ pqL = 0
Determines SUSY transformation
of Higgsino into an F-term
involving two squark fields
u˜Ru˜
†
RH2H˜2
C ǫ¯
p = 0
Determines quartic interactions
between Higgs and squark fields
(similar for q˜L)
AµAνH2H˜2ǫ¯ p = 0
Determines quartic coupling between
Higgs bosons and gluons or
ǫ-scalars
Table 2: Summary of the SUSY STIs used in sec. 3 for the 2-loop counterterms
for subrenormalization.
4 3-loop results
In this section we determine the potential non-SUSY counterterms which might
enter the Higgs boson mass calculation at the 3-loop level in the gaugeless limit,
i.e. at the orders O(αt,bα2s, α2t,bαs, α3t,b). Ref. [17] has identified the relevant STI.
It is obtained by taking
0 =
δ5S(Γ)
δφaδφbδφcδH˜ lkLδǫ¯
, (37)
where φi denote any components of the MSSM Higgs bosons H
j
i , H
j
i
†, and H˜ lk
is the Higgsino partner of H lk. Evaluating the derivative without taking the
gaugeless limit leads to the following identity:
0 =
∑
φi
ΓH˜l
kL
Yφi ǫ¯
Γφaφbφcφi +
∑
λ
ΓφaφbYλ ǫ¯ΓH˜l
kL
φcλ
+ perm. + fin. (38)
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ǫ¯ g˜
q˜ q˜†
ǫ¯ q
q˜ q˜†
q˜†
Figure 2: Possible Feynman rules corresponding to ∆2Lextra in Eq. (40). The first
Feynman rule could appear if a non-SUSY 2-loop counterterm to an interaction of
the type y˜g˜q˜
†q˜ is required, where y˜g˜ is the source of the gluino BRS transformation.
The second Feynman rule could appear if a non-SUSY 2-loop counterterm to a
4-squark interaction is required. Terms in ∆2Lextra with less than three coloured
fields are excluded by the discussion of Sec. 3.
Here the abbreviation “fin.” summarizes terms which vanish at tree-level and
which at n-loop order don’t receive n-loop counterterm contributions; “perm”
denotes terms corresponding to all possible permutations of φa,b,c. The sums
run over all Higgs field components φi and all electroweak gauginos λ. This
identity describes the fundamental supersymmetry relation between the quartic
Higgs-boson self-coupling and the electroweak gauge couplings, which is behind
all Higgs-boson mass predictions in the MSSM. The gauge couplings are reflected
in the second term of Eq. (38), which corresponds to the SUSY transformation of
electroweak gauginos into the D-terms, which in turn contain products of gauge
couplings and Higgs fields.
Although this identity is rather involved, it determines unambiguously the
desired counterterm. From the arguments given in Ref. [17] we obtain immedi-
ately the following implication: “If Eq. (38) is valid on the regularized n-loop level
in the gaugeless limit (with (n − 1)-loop subrenormalization), then the potential
non-SUSY counterterms to the Higgs sector are zero.”
Hence we will now study the identity at the 3-loop level with 2-loop subrenor-
malization. Using again the quantum action principle, we can write the potential
breaking of the identity (38) at this level as
(
[∆≤2L] · ΓDRED)
φaφbφcH˜
l
kL
ǫ¯
(39)
where now ∆≤2L ≡ S(Γ≤2Lcl+ct) and where Γ≤2Lcl+ct is the 2-loop bare action. We
will evaluate the potential breaking at zero external momenta. This is sufficient
since all Green functions appearing in the STI (38) are of dimension 4, and
correspondingly the quartic Higgs counterterm to be determined is momentum-
independent.
First we need to clarify the structure of the insertion ∆≤2L and its Feynman
rules. As discussed in the previous section the 2-loop counterterm structure is
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(A1)
ǫ¯ H˜L
q q
(A2)
ǫ¯ H˜L
q q
(A3)
ǫ¯ H˜L
q
q˜
φc
φb
φa
Figure 3: First set of diagrams contributing the potential breaking of the Slavnov-
Taylor identity Eq. (39) at the 3-loop level in the gaugeless limit. These dia-
grams contain one fermion loop, connected by up to one boson line to the exter-
nal fermion line. The insertion of the operator ∆ren.transf. is marked by a cross.
Quarks, gluinos and Higgsinos are denoted by solid lines, gluons by circles lines;
Higgs and squark lines are dashed. The lines corresponding to the external Higgs
bosons φa,b,c can be attached in all possible ways.
given essentially by the usual SUSY-preserving renormalization transformation,
but the given proof does not exclude non-SUSY counterterms to quartic inter-
actions of four coloured scalars (squarks or ǫ-scalars). Hence we can write the
insertion as
∆≤2L ≡ S(Γ≤2Lcl+ct) = ∆ren.transf. +∆2Lextra , (40)
where the first term is obtained from the result given in Ref. [22] by the symmetric
renormalization transformation (7). The second term might be present in the
case that non-SUSY 2-loop counterterms are indeed necessary; non-SUSY 2-loop
counterterms are constrained by the discussion of the previous section. Hence
∆2Lextra would contain at least three powers of coloured fields and lead to Feynman
rules like the ones shown in Fig. 2. It could contribute to Eq. (39) earliest if
inserted into 2-loop diagrams but is itself of 2-loop order. Hence for the purpose
of the 3-loop evaluation of Eq. (39) we can ignore ∆2Lextra. The relevant Feynman
rules for∆≤2L are then the ones given in Ref. [22], up to the usual renormalization
transformation.
Figs. 3, 4, 5 show representative 3-loop diagrams contributing to the potential
breaking of the STI, i.e. to the Green function in Eq. (39). Similar to the 2-loop
case of Fig. 1, each diagram contains one open fermion line and one fermion
loop connected to the insertion ∆ren.transf.. We will again refer to the γ-string
of the open fermion line as A and the γ-string of the fermion loop as B. The
diagrams can be classified into three classes, according to the number of boson
lines connecting A and B and according to whether there is a second fermion
loop. We now discuss each class in turn; a summary can be found in Tab. 3.
The diagrams shown in Fig. 3 contain up to one boson line connecting A and
B and only a single fermion loop. All such diagrams are of Topology (c) (see
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(B1)
ǫ¯ H˜L
H˜, g˜ q q˜
(B2)
ǫ¯ H˜Lg˜
q
q q
q˜
q˜
φc
φb
φa
Figure 4: Second set of diagrams contributing the potential breaking of the
Slavnov-Taylor identity Eq. (39) at the 3-loop level in the gaugeless limit. These
diagrams contain one fermion loop, connected by two boson lines to the external
fermion line. The notation is as in Fig. 3.
(C1)
ǫ¯ H˜
q
(C2)
ǫ¯ H˜
q
φc
φb
φa
Figure 5: Third set of diagrams contributing the potential breaking of the
Slavnov-Taylor identity Eq. (39) at the 3-loop level in the gaugeless limit. These
diagrams contain two fermion loops. The notation is as in Fig. 3.
Tab. 1). The fermion attached to the insertion in line A is either a Higgsino or
quark; the connecting boson line can only be a squark line. After integrating over
all loop momenta in diagrams (A1) and (A2) and over the fermion and gluon loop
momenta in diagram (A3), the resulting γ-string B can at most depend on the
single covariant /k, where k is the remaining loop momentum. As summarized in
Tab. 1, the criteria given in Ref. [22] allow up to 3 γ matrices. Hence all diagrams
of this class are shown to vanish.
The diagrams shown in Fig. 4 involve two boson lines connecting the external
fermion line and the fermion loop. One of the two boson lines can be a gluon —
in this case the other one must be a squark, and the diagram must be of topology
(c), as in diagram (B1). If both connecting bosons are squarks, the diagram can
be of topology (b), as in diagram (B2). After integrating over the fermion loop
momentum, the γ-string B of these diagrams can depend on the two remaining
loop momenta k1, k2. Thus in diagrams like (B1) the γ-string B can be reduced
to at most three γ-matrices /k1/k2γ
µ, where γµ corresponds to the gluon vertex. In
diagrams like (B2), the γ-string B can be reduced to at most two γ-matrices /k1/k2.
Hence again in all cases the criteria of Tab. 1 show that the diagrams vanish.
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Class # fermion- # connecting Topology max. allowed γ’s
loops bosons appearing γ’s
A1, A2 1 0 (c) 0 3
A3 1 1 (c) 1 3
B1 1 2 (c) 3 3
B2 1 2 (a,b,c) 2 2
C1 2 0 (c) 3 3
C2 2 1 (c) 3 3
Table 3: Summary of the properties of the classes of diagrams contributing to
the breaking of the STI (39). Representative diagrams can be found in Figs. 3, 4,
5. “max. appearing γ’s” denotes the maximum number of different γ-matrices in
the actual diagrams, see text. The column “allowed γ’s” is copied from the last
column of Tab. 1.
The diagrams shown in Fig. 5 contain a second fermion loop. The diagrams
are of topology (c). After integrating over the two fermion-loop momenta, the
γ-string B can be reduced to at most three covariants /kγµγν , where k is the
remaining loop momentum and where γµ,ν correspond to gluon vertices. Hence
again the criteria for the diagrams to vanish are satisfied.
In summary (see Tab. 3), we have shown all diagrams contributing to potential
breaking (39) to vanish. Using this result in the Slavnov-Taylor identity (38)
proves that the Higgs potential counterterm vanishes,
Vquartic, ct = 0 (41)
at the 3-loop level in the gaugeless limit. This corresponds to the result of
the symmetric renormalization transformation — hence DRED preserves SUSY
manifestly at this level and symmetric counterterms are sufficient.
5 Conclusions
We have investigated DRED for Higgs boson mass calculations in the MSSM.
We have verified that DRED is consistent with SUSY at the 3-loop level in the
gaugeless limit. As a result, the usual symmetric counterterms, generated by a
symmetric renormalization transformation, are sufficient. Concrete calculations
of the MSSM Higgs boson mass at the 3-loop order O(αt,bα2s, α2t,bαs, α3t,b) such as
the existing calculation of the order O(αtα2s) [3, 5] and future extensions do not
need SUSY-restoring counterterms.
The result has been obtained by extending the analysis of Ref. [17] to the
3-loop level. Slavnov-Taylor identities describing suitable SUSY relations were
identified and shown to hold at the regularized level. In this way the potential
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SUSY-restoring counterterms are shown to vanish. The result includes not only
the genuine 3-loop counterterms in the Higgs sector but also — combined with
Refs. [23,24] — all necessary 2-loop counterterms required for subrenormalization.
The increased complexity of the 3-loop case required several additional technical
steps compared to the 2-loop case. Counterterms required for subrenormalization
were analyzed and the potential appearance of non-SUSY 2-loop counterterms in
the quantum action principle was characterized. The Slavnov-Taylor identities
were evaluated in specific limits for external momenta which are sensitive to the
desired counterterms and which enabled the application of the quantum action
principle.
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